Abstract. Let G be a compact abelian group having the property that its character group Γ is totally ordered by a semigroup P . We prove that every operator-valued function k on G of the form k(x) = γ∈ (−P ) γ(x)kγ , such that the Hankel operator H k is bounded, has an essentially bounded extension K with ||K||∞ = ||H k ||. The proof is based on Arveson's Extension Theorem for completely positive functions on C * -algebras. Among the corollaries we have a Carathéodory-Fejér type result for analytic operator-valued functions defined on such groups.
Introduction
In 1911 Carathéodory and Fejér ( [7] ) proved that given the complex numbers c 0 , c 1 , · · · , c n , the minimum of ||f || ∞ , f being a bounded analytic function on the unit disc of the form f (z) = In 1957 Nehari ([12] ) proved that, given a sequence of complex numbers {c n } 0 n=−∞ , the minimum over ||f || ∞ , when f is an essentially bounded measuarable function on the unit circle T, of the form f (e it ) = The results of Carathéodory and Fejér, respectively Nehari, have been generalized in several directions over the years. These results have been used to solve problems arising from applied sciences (see [9] and the references within). Recently, Nehari's result was generalized in [15] to the case of almost periodic matrix-valued functions which belong to the Wiener class. The authors extended their results for functions of several variables in [16] , [17] , and [18] . In [8] , Nehari's Theorem was proved in the case of (scalar) functions defined on a compact abelian group the character group of which is ordered. In the present paper we generalize the latter to the case of operator-valued functions. Since there are no known factorization theorems for operator-valued H 1 functions on ordered groups, the methods used in the above-mentioned papers cannot be applied for our situation. Our approach is similar to the one used in [4] to prove an operator-valued generalization of Krein's Extension Theorem for ordered groups and makes use of Arveson's Extension Theorem.
The results in this paper are closely related to the recently proved Commutant Lifting Theorem for Ordered Groups [5] (see [6] for particular cases).
For notation and results in group theory and Fourier Analysis on groups we refer to [19] and [20] . We are concerned in this paper with compact abelian groups G on which we consider the normalized Haar measure m. For f ∈ L 1 (G) (with respect to m),f denotes its Fourier transform, defined bŷ
for γ ∈ Γ (the character group of G).
Let Γ be an abelian group. A function f : Γ → L(H) (the algebra of bounded linear operators on a separable Hilbert space H) is called positive (semidefinite) if, for every finite subset λ 1 , λ 2 , · · · , λ n ∈ Λ, the operator matrix {f
Suppose P is a semigroup of the abelian group Γ and P has the properties P ∩ (−P ) = {e}, P ∪ (−P ) = Γ. Under these conditions, P induces a total order on Γ. If we define x ≥ y to mean x − y ∈ P , then the axioms of linear order are satisfied. The choice of a semigroup P with the above properties makes Γ into a (totally) ordered group.
In the rest of the paper we consider G to be a compact abelian group the character group Γ of which is ordered. It is known that Γ can be totally ordered if and only if G is connected. Also, a discrete abelian group can be totally ordered if and only if it is torsion free ( [19] , Section 8.1).
Let f ∈ L 2 (G); f is called analytic (antianalytic) iff (γ) = 0 for every γ ∈ P (γ ∈ P ). We refer to f as an analytic (antianalytic) polynomial if f is analytic (antianalytic) andf (γ) = 0 except for finitely many 
The latter is known for the matrix-valued case [10] , but a construction similar to the one for L 2 G (H) in a previous paragraph proves it for the operator-valued case
The operator H k is referred to as the Hankel operator with symbol k.
It is known thatK(γ) = 0 for only at most countably many γ ∈ Γ.
The following is the main result of the paper.
Theorem 1.1. Let G be a compact abelian group the character group Γ of which has an order induced by a semigroup
Before proving Theorem 1.1, we need some lemmas. The first lemma is the necessary part of the operator-valued version of Bochner's Theorem.
This implies that the operator matrix {F (γ i − γ j )} 
Proof. Let h ∈ H and define Φ h (γ) = (Φ(γ)h, h).
Then Φ is a positive definite scalar function. By Theorem 1.9.8 in [20] ,
Since (1) holds for every h ∈ H, we have that Proof. The matrix (2) represents the compression of H k to the subspaces {f ∈ H The following result might be known, but for sake of completeness, we present it with a proof.
Then for every {γ
i } n i=1 ⊂ Γ, γ 1 ≤ γ 2 ≤ · · · ≤ γ n , the operator matrix (2)      k γ1−γi k γ2−γi · · · k e k γ1−γi+1 k γ2−γi+1 · · · k γi−γi+1 . . . . . . . . . . . . k γ1−γn k γ2−γn · · · k γi−γn     2 G (H) :f (γ) = 0 for γ ∈ {γ i −γ 1 , · · · , γ i −γ i−1 , 0}} and {f ∈ [H 2 G (H)] ⊥ :f (γ) = 0, for γ ∈ {0, γ i − γ i+1 , · · · , γ i − γ n }}.
Proposition 1.5. Let G be a compact group and let
for every p ∈ C(G) and h, k ∈ H.
for every p ∈ C(G). Since H is separable, (4) implies that for almost every x ∈ G, the mapping (h, k) ∈ H×H → f h,k (x) is linear in h, antilinear in k, and |f h,k (x)| ≤ ||h|| ||k||. Thus for such x there exists Q(x) ∈ L(H) such that f h,k (x) = (Q(x)h, k).
We can extend this function to a function defined on G, ||Q|| ∞ ≤ 1, and then (4) implies (3) and the proof is complete.
Remark. It is known that L(H)
does not have the Radon-Nikodym property. This fact does not conflict with Proposition 1.5, since our notion of measurability is weaker than the ones usually considered in connection with vector measures.
If M n denotes the algebra of all n × n complex matrices, the tensor product M n ⊗ M m can alternatively be identified either with n × n matrices with entries in M m , or with m × m matrices with entries in M n . The isomorphism between these identifications is called the canonical shuffle ([13] ). Actually, it will be used below in a more general sense, namely when the entries are operators rather than scalars. for γ ∈ P − {e}, and Φ(γ) = Φ(−γ) * for γ ∈ (−P ) − {e}. We first prove that Φ is a positive definite function on Γ whenever
≥ 0 for all x ∈ G. We have to show that for any 
be the lower triangular partial operator matrix defined by
By Lemma 1.4, all fully specified submatrices of A are contractions. By Arveson's Distance Formula [3] , A admits a contractive extension B.
≥ 0 for all x ∈ G, by Lemma 1.2, the matrix
is positive. The matrix 
By Lemma 1.3, the function l : S → L(H ⊕ H), defined by
is positive. We will prove that l is completely positive. For n ≥ 1 denote
, one obtains the operator matrix
where I m is the identity matrix on
denotes the Schur product, J n is the n × n matrix with all entries equal to 1, and B is the contractive extension of the partial matrix A defined by (5) . Then (6) and the generalized version of Schur's Theorem ( [14] 
is positive semidefinite, thus U is a positive definite function. By Lemma 1.3, the function
is positive, implying that l is a completely positive function on S. Since S is an operator system in C(G) ⊗ M 2 , by Arveson's Theorem ( [2] , see also Theorem 6.5 in [13] ), l admits a (completely) positive extension L :
≥ 0 for x ∈ G, we have that
implying that
By (7) and (8) we get that ||L 12 (p)|| ≤ ||p|| 1 .
for every h, k ∈ H. Let γ 0 ∈ (−P ) and define p 0 (x) = γ 0 (x). Since L 12 is an extension of the mapping that assigns to every antianalytic polynomial p the operator γ∈Γp (γ)k γ , we have that
, and this completes the proof.
3. Corollaries of Theorem 1.1
We first mention some particular cases of ordered groups that have been considered earlier.
Let G be a locally compact abelian group and let Γ be its character group. Let Γ d be the group Γ with the discrete topology, andḠ be the character group of Γ d . ThenḠ is a compact abelian group called the Bohr compactification of G ( [19] , 1.8.1). Theorem 1.1 can be applied to any suchḠ.
When Γ = R d , then G = R and the continuous functions on R are referred to in the literature as almost periodic functions. Unfortunately, when k is an almost periodic function, there might not exist any almost periodic function K such that ||K|| ∞ = ||H k ||. (As shown by a counterexample in [1] , the latter fails even for scalar continuous functions on the unit circle.) This is why in [15] - [18] , the (matrix-valued) function k was considered to belong to the Wiener class (i.e., Then P defines an order on Z r ; P is referred to as a Helson-Lowdenslager half-space [10] . A particular case of such P is the lexicographic order on Z r . A result similar to Theorem 1.1 for the case of matrix-valued functions in the Wiener class and P as in (10) was proved in [16] , together with a parametrization of the set of all strictly contractive solutions.
The scalar versions of the next two corollaries were proved in [8] , while in [16] a proof based on the Commutant Lifting approach can be found for the matrix-valued version of Corollary 3.1.
